We investigate the stability of a steplike Rankine vortex in a one-active-layer, reduced gravity, quasigeostrophic model. After calculating the linear stability with a normal mode analysis, the singular modes are determined as a function of the vortex shape to investigate short-time stability. Finally we determine the position of the critical layer and show its influence when it lies inside the vortex.
Introduction
The stability of vortices has long since been studied, with analytical and numerical approaches, in 2D or stratified flows, for stepwise (Rankine) or continuous vorticity distributions, in QG or shallow water models. In this paper we will focus on the stability of a two-step Rankine vortex in a QG model. Different methods can be used to determine vortex stability (normal or singular modes in the linear dynamics, minimization of quadratic functionals in linear or nonlinear dynamics, initial value problems in nonlinear numerical simulations). A usual criterion for the growth of unstable perturbations is that their energy increases. The Rayleigh-Kuo and Charney-Stern criteria for linear instability in 2D or QG flows are based on that constraint; these criteria state that the mean potential vorticity gradient must change sign in/or between layers for instability to develop (Rayleigh 1880, Charney and Stern 1962) . The direct computation of the growth rates of normal modes has been performed for a variety of flows in 2D or multilayer fluids (Pedlosky 1985 , Sokolovskiy 1997 , Carton and Corréard 1999 , Carton et al 2010a . In this case, the unstable regions, when they exist, are obtained for each mode in the parameter plane.
The instability of a multistep Rankine vortex with normal mode perturbations has been discussed at length in the past years (Stern 1987 , Flierl 1988 , Morel and Carton 1994 . The main result is that the nonlinear evolution of barotropic unstable vortices leads to the ejection of dipoles or to the formation of stable multipoles (for low perturbation modes). We shall now consider a one-and-a-half layer model to study this vortex stability to different perturbations. Firstly we will perform a normal mode analysis. Following this study, we will investigate explosive instability in short-time due to singular modes (Fisher 1998 , Rivière et al 2001 . Finally we will determine the position of the critical layers to study the spiraling of vorticity contours for a linearly stable vortex (Balmforth et al 2001) .
The stationary solution and the perturbed case
We consider a two-step Rankine vortex in a one-and-a-half layer incompressible flow in polar representation. Its generic profile is:
2 Ψ whereω is the mean potential vorticity,Ψ is the mean 3 streamfunction and 1/γ = Rd = √ g H/f 0 is the radius of deformation (with g the reduced gravity, H the height of the layer and f 0 the coriolis parameter).
This vortex can be decomposed in two parts:
2 . Because of the linearity of the Laplacian operator we obtain:
Then we can calculate the mean streamfunction (Ψ) and the mean velocity (Ū ) which has just the orthoradial component because of the circular symmetry. We use the continuity ofΨ andŪ θ at the PV fronts. We obtain:
We add a perturbation at the two boundaries of the Rankine vortex:
with η a and η 1 1. Then the stream function is:
where ψ (r, θ, t) = φ(r)e ilθ A(t). The potential vorticity becomes:
where H is the Heaviside function.
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We obtain at first order:
where δ is the Dirac distribution. ω vanishes everywhere except at the vortex boundaries. Thus we have ∆ψ − γ 2 ψ = 0 nearly everywhere, which implies:
The solution of (1) is:
Because φ is finite at r = 0 and at r = +∞, we obtain for the three regions of the plane:
and continuity implies:
On the other hand, continuity of U θ (at r = a and r = 1) implies, at first order, the continuity of U θ + η dŪ θ dr . We also haveω = 
We deduce from (2) at r = a and r = 1 two other relations between A 1 , A 2 , B 2 and B 3 which yield:
Finally because d t η = ∂ t η +Ū θ ∂ θ η = U r we obtain the evolution equation of (η a , η 1 ):
where the four components of matrix A are:
Equation (3) is the central point of our stability analysis, both for normal and singular modes. 
The normal modes
Normal modes grow (or decay) exponentially with time according to ∂ t η = ση. Thus, we have σ
which leads to the discriminant for instability
where q 0 ∈ R, γ ∈ R + , a ∈ [0, 1] and l ∈ N. Normal mode instability will occur when ∆ < 0.
It can be easily shown (see below) that these two-step vortices are stable with respect to l = 0 and l = 1 normal modes (a similar remark was made for vortices with continuous profiles, by Gent and McWilliams (1986) ). Figures 1(a), 1(b) , 1(c) show the growth rates in the (a, q 0 ) plane as a function of γ, for l = 2, 3, 4. As it is well known, higher modes are unstable to stronger shears, induced by narrower external annuli (see for instance Flierl (1988) ). One can also note that, according to the Rayleigh-Kuo criterion, such vortices are stable to normal modes if q 0 ≥ 1. For l = 2, figure 1(a) shows that contrary to the pure barotropic case, the vortex can be unstable for 1 ≥ q 0 ≥ 0. We also notice the development of a horn in the upper left part of the unstable area which grows for larger γ and l. As shown by Flierl (1988) when γ increases the unstable area decreases and approaches to a = 1 and the values of the growth rates in this area decreases rapidly. Several analytical solutions are now provided.
Specific solutions are :
• l = 0 ∆ = 0 so that σ ± = (0, 0) and the flow is then stable to normal modes.
again the flow is stable to normal mode perturbations.
is positive and the two-step vortices are stable to normal modes.
• γ 1 All elements of matrix A tend to 0; then we have ∆ → 0 and σ ± → 0. This implies a decrease of the growth rates for negative values of ∆.
Singular modes
Calling M (t) the resolvant of the problem ∂ t η = Aη, i.e. giving the solution η(t) = M (t)η(0), singular modes and growth rates are the eigenvectors and eigenvalues of M * M (see Rivière et al (2001) ), where M * is the adjoint matrix of M . Since A is time-independent and is diagonalized as A = P ΛP −1 , M is easily obtained as
And we defined:
with a ± = −[iσ ± + A 11 ]/A 12 , and The general calculation of M for a 2x2 matrix A is given in Appendix B of Rivière et al (2001) : the resolvant is
The eigenvalues µ 1,2 of M * M are given in the Appendix of Fisher (1998):
,
. They are associated with the eigenvectors
and V 2 =
.
Figures 2 and 3 show the singular growth rates ( 1 2t log(λ)) for l = 1, 2, 3, 4 and γ = 0.2, 1, 5 in the (a, q 0 ) plane at t = 0.1 and 10. The singular growth rates, which depend on time, are defined here as 1 2t log(λ) where λ is the largest eigenvalue of M * M . This allows a direct comparison with normal mode growth rates.
Firstly, for short times, one notices on figure 2 that singular modes are most unstable for narrow external annuli and intense cores with negative vorticity. In this case, the core circulation is much larger than that of the annulus which is very narrow. The maximal singular growth rates are then three times as large as the maximal growth rates of normal modes and specifically, the most unstable singular modes at short times lie in a region of normal mode stability. For short times, the asymptotic form of M * M is Id + (A + A * )t which has eigenvalues λ a = 1 + |A 12 − A 21 |t (see again Rivière et al (2001) ). This asymptotic value provides an explanation for the maximum instability of singular modes at short times : since |A 12 − A 21 | = [ l a − la(q 0 − 1)]K l (γ)I l (γa), the singular modes increase for a → 1 when l and |q 0 − 2| increase. The zeros of this equation are q 0 = 1 + 1 a 2 which correspond to the solid yellow line in figure 2 and they represent a good approximation of the null growth rates of the singular modes.
Secondly for longer time (t = 100) not shown here, we note that the singular growth rates evolve towards the normal mode growth rates. This has been observed in many other studies. As Rivière et al (2001) have shown, the largest eigenvalue of M * M is
for t >> 1 (Re(σ + ) corresponds to the real part of σ + ). Here η + (1, a + ) is the fastestgrowing normal mode, associated with the growth rate σ + . At long time the singular eigenvalue λ + is associated with the singular eigenvector η ∞ (a + , −1) which is the biorthogonal of η + . It is straightforward to show that (a) l = 1
Figure 5. Value of the critical radius in the (a, q 0 ) plane for σ − as a function of γ = 0.2, 1, 5 and l = 1, 2, 3, 4 (black areas mean that the critical radius is outside the Rankine vortex, white areas correspond to the case of unstable normal mode).
The critical layer
For vortices linearly stable with normal modes, perturbations can spiral (in vorticity) around the critical layer. Balmforth et al (2001) have shown that vortices can become unstable near this critical layer if a forcing is applied. This is of interest for our future study of parametric instability. This critical layer is defined by the radius at which the rotation frequency of the waves matches the angular velocity of the fluid. In our, case the critical radius is defined as:
We numerically calculate the value of the first critical radius (if it exists) for each stable normal modes (pure imaginary growth rate), by first critical radius we mean the smallest radius if it exist more than one. Calculations show that there is always a critical layer which could be inside or outside the Rankine. For q 0 > 1 the first critical layer is mainly outside or inside the Rankine vortex depending on the normal mode (see figures 4 and 5). On the contrary if q 0 < 1 it exists a critical radius inside the Rankine for almost every case. In addition the existence of the critical layer inside the annulus is favored by a large value of γ wich is consistent with the impact of γ on the increase of the range ofŪ θ /r inside the Rankine and as a results the ability of having a critical radius inside the Rankine. Finally for the mode 2, 3 and 4 at the boundary of the instability region we have a convergence for the value of the critical radius for the two normal modes which is consistent with the equality of these modes at the boundary. Figure 6 presents the evolution of a potential vorticity perturbation in the annulus performed with a spectral QG model. The parameters chosen allow the existence of a critical layer inside the annulus. We examine the consequence of this on the plot of potential vorticity anomaly; PVA lines wrap around as spiral lines, as shown in a previous paper (Bernoff and Lingevitch 1994) .
Conclusion
This study has shown that in a QG one-and-a-half layer model, singular modes can grow on circular two-step Rankine vortices, via barotropic instability, as they do on two-layer Rankine vortices via baroclinic instability. The same conclusions apply, that is, short wave instability dominates at small times, with large growth rates, and the singular growth rates converge towards those of exponential modes at long times. It has also been shown that critical layers play an essential role in the time evolution of potential vorticity of the perturbation, when the vortex is linearly stable to normal modes. This role is that described in other studies, i.e. the wrapping of perturbation potential vorticity around spiral lines. This study could be extended to compute the parametric instability of this vortex when its mean flow varies sinusoidally with time (Carton et al 2010b) . In that respect, we also wish to determine the role of the critical layer as the flow becomes forced (in relation with the work by Balmforth et al (2001) ). We alos wish to extend the study of the case where more than one critical layer could exist and to compare it to the case of a single stair Rankine. We also plan to extend this study to the case where the mean flow varies stochastically with time.
